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Abstract
The EM algorithm and bootstrap methods are applied to mediation analysis
to deal with missing data. Both the EM algorithm and boostrap methods are
implemented in free software BMEM that is developed to work on multiple
platforms including Windows PC, Mac OS X, and Linux. A web interface is
also available to run BMEM on remote servers. Through simulation studies,
it is shown that BMEM using the EM algorithm and bootstrap methods
perform well for MCAR and MAR data regardless of the inclusion auxiliary
variables. For MNAR data, BMEM can obtain correct parameter estimates
through the inclusion of auxiliary variables that are related to missing data
mechanisms. A real data analysis is also conducted to demonstrate the use
of BMEM.

Introduction

Mediation models and mediation analysis are widely used for theory development and
testing as well as for identiÞcation of intervention points. For example, Salthouse (1996)
developed the theory that Òincreased age in adulthood is associated with a decrease in the
speed with which many processing operations can be executed and that this reduction in
speed leads to impairments in cognitive functioning.Ó This theory can be tested directly
through a mediation model. The inßuential article on mediation analysis by Baron & Kenny
(1986) has been cited more than 8,000 times. Although mediation analysis was developed
in psychology (e.g., MacCorquodale & Meehl, 1948; Woodworth, 1928), mediation analysis
has also been applied in many di!erent disciplines. For example, the mediation e!ect is
also known as the indirect e!ect (Sociology, Alwin & Hauser, 1975) and the surrogate or
intermediate endpoint e!ect (Epidemiology, Freedman & Schatzkin, 1992).

Figure 1 (after Shrout & Bolger, 2002) depicts the path diagram of a mediation
model. In this Þgure, X, M , and Y represent the independent or input variable, the
mediation variable (mediator), and the dependent or outcome variable, respectively.eY0 ,
eM and eY are residuals or disturbances with variancesσ2

eY0
, σ2

eM and σ2
eY . Figure 1a
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displays the total e!ect of X on Y , which is measured byc. In Figure 1b, the total e!ect
is decomposed to the direct e!ect denoted byc′ and the indirect e!ect denoted by the
product term ab. The indirect e!ect is also called the mediation e!ect because it is the
e!ect of X on Y through the mediation of M . The other parameters in this model include
the intercepts iY0, iM and iY .

X
 

Y
 

1 

c 

iY0 

e
Y0!1!

! 

"
eY 0

2

(a) Total effect

X
 

Y
 

1 

c' 

iY 

eY!1!

M
 

eM!

1!

iM 

a b 

(b) Mediation effect

Figure 1: Path diagram demonstration of a mediation model.

In mediation analysis, the total e!ect is equal to the sum of the direct e!ect and the
indirect e!ect such that c = c′ + ab. When a mediation e!ect exists, the indirect e!ect, ab,
should be signiÞcantly di!erent from 0 (e.g., Shrout & Bolger, 2002) . In addition, if the
direct e!ect c′is not signiÞcantly di!erent from 0 after accounting for the mediation e!ect,
the e!ect of X on Y is completely mediated by the mediatorM . Otherwise, the e!ect of
X on Y is partially mediated by the mediator M .

Statistical approaches to estimating and testing mediation e!ects for complete data
have been widely discussed (e.g., Baron & Kenny, 1986; Bollen & Stine, 1990; MacKinnon
et al., 2002, 2007; Shrout & Bolger, 2002). In general, two methods have been applied
to test mediation e!ects (H0 : ab = 0). The Þrst method employs a t-test where the
t-statistic is t = ab/s.e.(ab) with s.e.(ab) obtained through the delta method s.e.(ab) =!

b̂2σ̂2
a + 2âb̂σ̂ab + â2σ̂2

b with parameter estimates â and b̂, their estimated variances σ̂2
a

and σ̂2
b , and covarianceσ̂ab (e.g., Sobel, 1982, 1986). The second method applies bootstrap

methods to obtain the empirical distribution and conÞdence interval ofab (MacKinnon et
al., 2004; Mallinckrodt et al., 2006; Preacher & Hayes, 2008; Shrout & Bolger, 2002; Zhang
& Wang, 2008).
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Although missing data are almost unavoidable even in well designed studies, media-
tion analysis has been typically applied to complete data. A common practice is to analyze
complete data through the listwise deletion of cases with missing data (e.g., Chen et al.,
2005; Preacher & Hayes, 2004). In this study, we develop software for mediation analy-
sis with missing data. The mediation e!ect with missing data is estimated through the
expectation-maximization (EM) algorithm. The statistical inference for mediation analysis
is carried out through bootstrap methods. Both the EM algorithm and bootstrap meth-
ods are implemented in freely provided software named BMEM. In the following, we Þrst
discuss how to estimate the mediation e!ect through the EM algorithm for the mediation
model with missing data. Then, we discuss how to obtain the conÞdence interval of the
mediation e!ect through bootstrap. After that, we describe how to conduct mediation
analysis with missing data in BMEM. Finally, we present several simulation examples with
Þnite samples and a real data example to evaluate and demonstrate the applications of the
methods discussed in this study.

Estimating Mediation Effect through the EM Algorithm

The EM algorithm is a popular technique for handling missing data (Little & Rubin,
2002; Schafer, 1997). It is an iterative method consisting of the expectation step (E-step)
and the maximization step (M-step). One Þrst starts with a guess of the unknown pa-
rameters. For example, the parameter estimates from the complete data can be used. In
the E-step, one calculates the expectation of the missing data conditional on the unknown
parameters. In the M-step, one obtains the parameter estimates by plugging in the expec-
tation of the missing data from the E-step through maximization routines. The two steps
are repeated iteratively until the change in the parameter estimates is below a predeÞned
threshold.

Although we can estimate the unknown parameters of the mediation model directly
through the EM algorithm, we adopt a two-stage approach. We Þrst apply the EM algo-
rithm to estimate the sample mean and covariance matrix of the data and then use them
to obtain the parameter estimates. The reason we do this is because there is a one to
one relationship between the sample mean and covariance matrix and the unknown model
parameters. The advantages of this two-stage method include but are not limited to (1) we
can analyze a very general pattern of missing data so that missingness can occur on any of
the three variables, (2) we can estimate both models in Figure 1 with the implementation
of one EM algorithm, and (3) we can easily generalize the analysis to more complex data
analysis.

Now we discuss how to estimate mediation e!ects through the EM algorithm. Given
the sample mean and covariance matrix of observed data, parameter estimates of the me-
diation model can be obtained conveniently. LetU = (X̄, M̄ , Ȳ )′ denote the sample mean
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denote the sample covariance matrix of the input , mediator, and output variables. Then
the analytic solutions of the parameters in the mediation model are

ĉ = sXY /s2
X

σ̂2
eY0

= s2
Y − s2

XY /s2
X

iŶ0 = Ȳ − ĉX̄
â = sXM/s2

X

b̂ = (sMY s2
X − sXMsXY )/(s2

Xs2
M − s2

XM )
ĉ′ = (sXY s2

M − sXMsMY )/(s2
Xs2

M − s2
XM )

σ̂2
eM = s2

M − s2
XM/s2

X
σ̂2

eY = (s2
Xs2

Ms2
Y − s2

XsMY − s2
MsXY − s2

Y sXM + 2sXMsXY sMY )/(s2
Xs2

M − s2
XM )

ˆiM = M̄ − âX̄
ˆiY = Ȳ − b̂M̄ − ĉ′X̄

.

(1)
Thus, the parameter estimates are uniquely determined by the sample mean and covari-

ance matrix. If we regard the mean (iX; ˆiX = X̄) and variance (σ2
X ; σ̂2

X = s2
1) of X as

model parameters, we can also determine the sample mean and covariance matrix uniquely
from the model parameters. Let! = (iM, iY, a, b, c′, σ2

eM , σ2
eY , iX, σ2

X)t denote the model
parameters. Then, we can havê! = h(U, S). The h function is determined by Eq (1) and
has an inverse form.

With missing data, the sample mean and covariance matrix cannot be simply calcu-
lated. In the following, we discuss how to estimate the sample mean and covariance matrix
using the EM algorithm. Little & Rubin (1987, 2002) have distinguished three kinds of
missing data Ð missing completely at random (MCAR), missing at random (MAR), and
missing not at random (MNAR) (see also, e.g., Rubin, 1976; Schafer, 1997). For MCAR
and MAR, the EM algorithm can be applied directly. However, if the EM algorithm is ap-
plied to MNAR data, the parameter estimates could be biased. One way to correct the bias
is to include auxiliary variance that can explain the non-ignorable missingness in mediation
model variables. Assume that a set ofp auxiliary variables A1, A2, . . . , Ap are available.
By augmenting them with the variables in the mediation model, we have a total ofp + 3
variables denoted byZ = (X, M, Y, A1, . . . , Ap). Thus, if we can obtain the covariance
matrix for Z, we can use the partition covariance matrix forX, M , and Y to estimate
mediation model parameters and mediation e!ect.

Now, we discuss how to obtain the mean and covariance matrix forZ. To simplify
the presentation, let zij , i = 1, . . . , N, j = 1, 2, 3, . . . , p+3 denote the data of personi from
variables X, M , Y and the p auxiliary variables, respectively. Start with the initial values
of U (0) and S(0) that may take the sample mean and covariance matrix of the complete
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data after listwise deletion. Let U (t) and S(t) denote the estimates at thetth iteration of
the EM algorithm. The E-step is to Þll in the missing data using their expectations by
calculating

E(zij |zobs, U
(t), S(t)) = z(t)

ij ; i = 1, . . . , N, j = 1, 2, . . . , p + 3

and
E(zijzik|zobs, U

(t), S(t)) = z(t)
ij z(t)

ik + c(t)
ijk

where

z(t)
ij =

&
zij if zij is observed
E(zij |zobs, U (t), S(t)) if zij is missing

(2)

and

c(t)
ijk =

&
Cov(zij , zik|zobs, U (t), S(t)) if both zij andzik are missing
0 otherwise

(3)

with j, k = 1, 2, . . . , p + 3 and zobs denoting the observed data .
The expectation E(zij |zobs, U (t), S(t)) and covarianceCov(zij , zik|zobs, U (t), S(t)) are

readily available from the conditional distribution of the multivariate normal distribution
with mean and covarianceU (t) and S(t). The M-step of the EM algorithm can obtain the
new estimatesU (t+1) and S(t+1) as

u(t+1)
j =

1
n

n'

i=1

z(t)
ij , j = 1, 2, . . . , p + 3 (4)

and

s(t+1)
jk =

1
n

n'

i=1

(z(t)
ij z(t)

ik + c(t)
ijk − u(t+1)

j u(t+1)
k ). (5)

The EM algorithm for the mediation model can be summarized in the following.

1. Start with U (0) and S(0) and set d as a small number such as10−6 for convergence
criterion,

2. At iteration t, we haveU (t) and S(t),

3. At iteration t + 1,

(a) In E-step, calculate z(t)
ij = f1(zobs, U (t), S(t)) and c(t)

ijk = g1(zobs, U (t), S(t)) and f1

and g1 are deÞned by Equations 2 and 3, respectively,

(b) In M-step, calculate u(t+1)
j = f2(z

(t)
ij ) and s(t+1)

jk = g2(z
(t)
ij , c(t)

ijk), and f2 and g2

are deÞned by Equations 4 and 5, respectively,
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4. Calculate the change from U (t) and S(t) to U (t+1) and S(t+1) as e =

maxj,k

( )
)
)
)
u
(t+1)
j −u

(t)
j

u
(t)
j

)
)
)
) ,

)
)
)
)
s
(t+1)
jk −s

(t)
jk

s
(t)
jk

)
)
)
)

*
where uj is the jth element of U and sjk is the

element of S on the jth row and the kth column. Thus, e is the maximum abso-
lute relative di!erence of estimates between the current iteration and the previous
iteration. If e ≤ d, then stop the iteration. Otherwise, go to the next iteration.

5. Let Û and Ŝ denote the mean and covariance matrix for all variables and̂UM and
ŜM for mediation model variables from the EM algorithm after convergence. Then
the mediation model parameter estimates arê! = h(ÛM , ŜM ).

6. Especially, the mediation e!ect is estimated byâb̂.

Using the EM algorithm, we can obtain model parameter estimates. However, the EM
algorithm does not produce standard error estimates directly. Considering that bootstrap
methods have been suggested for mediation analysis, we use them to obtain a conÞdence
interval for the mediation e!ect.

Testing mediation effects through bootstrap methods

Bootstrap methods (Efron, 1979, 1987) were Þrst employed in mediation analysis
by Bollen & Stine (1990) and have been studied in a variety of research contexts (e.g.,
MacKinnon et al., 2004; Mallinckrodt et al., 2006; Preacher & Hayes, 2008; Shrout & Bolger,
2002). This method has no distribution assumption on the indirect e!ect ab. Instead, it
approximates the distribution of ab using its bootstrap empirical distribution.

The bootstrap method used in Bollen & Stine (1990) can be applied to mediation
analysis with missing data together with the EM algorithm. SpeciÞcally, the following
procedure can be used.

1. Using the original data set (Sample size = N ) as a population, draw a bootstrap
sample ofN persons randomly with replacement from the original data set.

2. With the bootstrap sample, estimate model parameters and the mediation e!ect
through the EM algorithm discussed in the previous section.

3. Repeat Steps 1 and 2 for a total ofB times. B is the number of bootstrap samples.

4. Empirical distributions of model parameters and the mediation e!ect are then ob-
tained using the B sets of bootstrap estimates. Thus, conÞdence intervals of model
parameters and mediation e!ect can be constructed.

Using the bootstrap sample estimates, one can obtain bootstrap standard errors and conÞ-
dence intervals of model parameters conveniently. Let! = (iM , iY , a, b, c′, c, σ2

eM , σ2
eY , ab)t

denote a vector of interesting model parameters and the mediation e!ectab. With data
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from each bootstrap, we can obtain!̂ b, b = 1, . . . , B through the EM algorithm. The
standard error of the pth parameter θ̂p can be calculated as

̂s.e.(θ̂p) =
B'

b=1

(θ̂b
p −

¯̂θb
p)

2/(B − 1)

with
¯̂θb
p =

B'

b=1

θ̂b
p/B.

Many methods for constructing conÞdence intervals from!̂ b have been proposed
(Efron, 1987; MacKinnon et al., 2004). In the current study, we use three kinds of conÞdence
intervals: the percentile interval, the bias-corrected (BC) interval, and the bias-corrected
and accelerated (BCa) interval. The 1 − 2α percentile interval is simply constructed by
[θ̂b

p(α), θ̂b
p(1−α)] for the pth parameter with θ̂b

p(α) denoting the 100αth percentile of the B
bootstrap estimates.

The 1 − 2α BC interval for the pth element of ! can be constructed using the per-
centiles θ̂b

p(α̃l) and θ̂b
p(α̃u) of θ̂b

p. Here

α̃l = Φ(2z0 + z(α))

and
α̃u = Φ(2z0 + z(1−α))

whereΦ is the standard normal cumulative distribution function and z(α) is the α percentile
of the standard normal distribution and

z0 = Φ−1

+
number of times that θ̂b

p < θ̂p

B

,

.

The 1− 2α BCa interval [θ̂b
p(α̃l), θ̂b

p(α̃u)] is determined by

α̃l = Φ

+

z0 +
z0 + z(α)

1− a(z0 + z(α))

,

and

α̃u = Φ

+

z0 +
z0 + z(1−α)

1− a(z0 + z(1−α))

,

.

For the BCa interval, z0 is calculated as in the BC interval. One method to calculate the
accelerationa is

a =
- n

i=1(θ̂
(.)
p − θ̂(i)

p )3

6[
- n

i=1(θ̂
(.)
p − θ̂(i)

p )2]3/2
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where θ̂(i)
p is the jackknife estimate of thepth parameter using the EM algorithm and

θ̂(.)
p =

n'

i=1

θ̂(i)
p /n.

In testing H0 : ab = 0, if the conÞdence interval of a mediation e!ectâb̂ does not
include zero, one may conclude the statistical presence of the mediation e!ect.

Implemention of EM and bootstrap in BMEM

Implementation

For the implementation of the EM algorithm with bootstrap for mediation analysis
with missing data discussed above, the free software BMEM is developed using C++.
Two open source C++ libraries are used, newmat for matrix manipulation and newran for
random number generation (Davies, 1994; Eddelbuttel, 1996).

Availability

BMEM is available as compiled binaries for Windows, OS X, and Linux and through
our web interface. The Windows version uses a di!erent sorting algorithm from the one
used in OS X and Linux and thus can be slightly slower (bubble sort vs. merge sort). Those
binaries can be downloaded fromhttp://bmem.psychstat.org. Note that the Mac binary
is compiled on Darwin Kernel Version 9.8.0 and the Linux binary is compile on Ubuntu
8.10 server version (GNU/Linux) and thus those binaries may not work for some versions of
OS X and Linux. The source codes are available for those who prefer compiling their own
version of BMEM. BMEM can also be run on our web server remotely. The web interface
can be accessed fromhttp://bmem.psychstat.org/bmem.

How to use BMEM

There are two ways to use BMEM on a local computer Ð the step by step method and
the batch method. For both methods, we suggest saving the data Þle in the folder where
the program Þle is located. In the following, we illustrate the use of BMEM for Windows
PC. A similar procedure applies to Mac and Linux PC.

Step by step method. After double clicking on the executable Þle BMEM.exe, a DOS
window will pop out and ask for the input of the following 6 parameters to run the program.

1. The output Þle name: the name of the Þle in which one wants to save the results of
an analysis.

2. The data Þle name: the name of the data Þle. The data Þle should be a text Þle with
the following sequence of variables,X, M , and Y . If there are auxiliary variables,
they should follow the three mediation model variables so that the data look likeX,
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output.txt
inputdata.txt
99999
0.95
0.9
1000

Figure 2: The contents of batch.txt

M , Y , A1, A2, . . . where As are auxiliary variables. Variable names are not allowed
in the data Þle.

3. The missing data indicator: the missing data indicator should be a number. An
integer such as 88888, 999, or 99999 is recommended.

4. The α level for conÞdence intervals. It should be a number between 0 and 1. There is
no di!erence to input .05 or .95 for a 95% conÞdence interval. BMEM automatically
recognizes the conÞdence level.

5. The random number seed. It should also be a number between 0 and 1. The random
number seeds determine the bootstrap samples. The same analysis can be replicated
using an identical random number seed.

6. The bootstrap sample size. We suggest a bootstrap sample size of 1000 or larger.

Batch method. To use the batch method, one can put the six parameters in the
step by step section into a Þle with each parameter on one line. For example, a Þle called
batch.txt is created with the contents shown in Figure 2.

There are two ways to use the batch method. The Þrst way is to use the DOS
command. Open the DOS windows through
start --> Run... --> cmd
In the DOS window, change the directory to where BMEM is located. Then use the
command
BMEM.exe < batch.txt
to run the analysis. The batch Þle here is saved in the same directory as BMEM. The
batch Þle in Figure 2 conducts the analysis for the data ininputdata.txt using the EM
algorithm and constructs 95% CIs. All the results are saved in the Þlenamed output.txt.

The second way may be more convenient. To facilitate the use of the batch method,
a command Þlerun.bat is included. To use it, one Þrst change the parameters in the
batch.txt Þle and then double click therun.bat Þle. The output is saved in the output
Þle speciÞed in the batch Þle. To use this method, the data Þle,BMEM.exe, batch.txt,



BMEM 10

BMEM
Bootstrap mediation analysis using the EM algorithm for missing data

New analysis | Documentation and Help

Please type in parameters according to the manual and then click the "submit" button. 

Your Email Address (an email will be sent to you if provided.):  

    

Upload data (required, only .txt and .dat allowed.):  
no file selectedChoose File  

Missing data indicator (a value such as 99999):   99999  

Confidence level (a number between 0 and 1):   0.95  

Random number seed (a number between 0 and 1):   0.5  

Number of bootstraps (a number of 1000 or larger):   1000  

Submit

Disclosure 

The online version of BMEM is mainly for analysis with a sample size smaller than 500. If you have a
large data set, please run BMEM on your local computer. The results with a unique link will be sent to
you if you provide an email address. The link is only available to you and the results will be deleted
after two weeks. 

Figure 3: Web interface for BMEM

and run.bat should be saved in the same folder. The batch method is more useful for
conducting simulation than the step by step method.

Web interface. One can also run BMEM remotely on our web server. By following the
link http://bmem.psychstat.org/bmem, one can see an interface as shown in Figure 3. The
required parameters for the web interface are slightly di!erent from the local interface. On
the web interface, one can choose to input an email address to receive a link to the results
of requested analysis. It is also required to upload a Þle containing data to be analyzed.
The data Þle should have the same format as the one for the local use of BMEM. After
submitting the required information, BMEM will run on our server and print the output o!
on your local computer screen. If an email address is provided, a link to the analysis results
will be sent to you immediately. The analysis results will also be saved on our server for 14
days before deletion if you provide your email address. Your data are deleted immediately
without being stored on our server.

Example output. The following output (Figure 4) is from the analysis of the ACTIVE
data with two auxiliary variables. There are several important sections in the output.

• The Þrst section includes the missing data patterns and the sample size of each pat-
tern. If there are more than 10 patterns, only the Þrst 10 will be shown.
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• The second sections includes the parameter estimates when the mediator is not in-
cluded in the model (the model in Figure 1a).

• The third part includes the parameter estimates when the mediator is included in the
model (the model in Figure 1b).

The results include parameter estimates, bootstrap standard errors, percentile conÞdence
intervals, bias-corrected conÞdence intervals, and bias-corrected and accelerated conÞdence
intervals.

Performance of BMEM

To evaluate the performance of BMEM, we conduct several simulations to investigate
the parameter estimate biases and coverage probabilities of bootstrap conÞdence intervals.
We Þrst discuss the simulation design and then present the simulation results.

Simulation design

For mediation analysis of complete data, simulation studies have been conducted to
investigate a variety of features of mediation models (e.g., MacKinnon et al., 2002, 2004).
For the current simulation, we follow the parameter setup from previous literature and let
the model parameters bea = b = .39, c′ = 0, iM = iY = 0, and σ2

eM = σ2
eY = σ2

eX = 1.
Moreover , we use a sample size of 100 and consider three levels of missingness with missing
data percentages at 10%, 20%, and 40%, respectively. To facilitate the comparisons among
di!erent missing mechanisms, missing data are only allowed inM and Y although BMEM
allows missingness inX. Two auxiliary variables (A1 and A2) are also generated where the
correlation betweenA1 and M and the correlation betweenA2 and Y are both 0.5. The
performance of BMEM is evaluated through complete data, MCAR, MAR, and MNAR data
analysis. For each of the following simulation studies, results are obtained fromR = 1, 000
sets of simulated data.

For each simulation, we report relative bias, coverage probability, and power or Type
I error. Let θ denote the true parameter value in the simulation andθ̂r, r = 1, . . . , 1000
denote the corresponding estimate from therth replication. The relative bias is calculated
as

Relative Bias =

.
/

0

100×
1P1000

r=1 θ̂r

1000θ − 1
2

θ $= 0

100×
1P1000

r=1 θ̂r

1000 − θ
2

θ = 0
.

The relative bias is rescaled by multiplying 100. Smaller relative bias indicates the point
estimate is less biased. Furthermore, Let̂lr and ûr denote the lower and upper limits of the
95% conÞdence interval in therth replication. The coverage probability is computed by

Coverage Probability =
#(l̂r < θ < ûr)

1000
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----------------------------------------------------------
| Program name: BMEM.exe (V4.0) |
| See manual.pdf for more information |
----------------------------------------------------------

The BMEM program is run on Thu Apr 15 17:36:28 2010

The output file is: out1.txt
The data file is: bmem1.txt
The missing data indicator is: 99999

--------------------------------
| Missing Data Pattern |
--------------------------------

X M Y A1 A2 count
1 1 1 1 1 344
1 0 1 1 1 26
1 1 0 1 1 96
1 0 0 1 1 232
The sample size is 698.
NOTE: 1: observed; 0: missing

The confidence level is: 0.9
The random number seed is: .9
The bootstrap sample size is: 2000

--------------------------------------------------------
| Model without the mediator |
--------------------------------------------------------

Percentile BC BCa
Parameter Estimate S.E. L U L U L U

iY 35.1544 3.0851 29.4878 41.0949 29.4878 41.0949 29.4681 40.9815
c -0.2306 0.0412 -0.3132 -0.1532 -0.3132 -0.1532 -0.3117 -0.1528

sY2 21.8115 1.7122 18.6437 25.0447 18.6477 25.1053 18.7546 25.2276

--------------------------------------------------------
| Model with the mediator |
--------------------------------------------------------

Percentile BC BCa
Parameter Estimate S.E. L U L U L U

iM 35.3654 3.0950 29.3212 41.1683 29.2993 41.1680 29.2946 41.1536
iY 18.7192 3.2640 12.1371 24.9156 12.4206 24.9897 12.4206 24.9897
a -0.3287 0.0409 -0.4073 -0.2490 -0.4068 -0.2477 -0.4066 -0.2475
b 0.4647 0.0438 0.3854 0.5523 0.3791 0.5459 0.3785 0.5455

c’ -0.0778 0.0407 -0.1554 0.0023 -0.1577 -0.0002 -0.1577 -0.0002
sM2 24.6477 1.7613 21.2494 27.8159 21.6251 28.0634 21.7990 28.1463
sY2 16.4883 1.3071 14.0439 18.9446 14.2410 19.1770 14.3525 19.3975
a*b -0.1528 0.0241 -0.2005 -0.1093 -0.2019 -0.1099 -0.2013 -0.1096

NOTE. See the manual for the meaning of each parameter.

The total running time is 40.1226 seconds.

Figure 4: Sample output of BMEM
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where#(l̂r < γ < ûr) is the total number of replications with conÞdence intervals covering
the true parameter value. Good95% conÞdence intervals should give coverage probabilities
close to0.95. Power or Type I error is calculated by

power or type I error =
#(l̂r > 0) + #(ûr < 0)

1000

where #(l̂i > 0) is the total number of replications with the lower limits of conÞdence
intervals larger than 0 and and #( ûr< 0) is the total number of replications with the upper
limits smaller than 0. If the population parameter value is not equal to 0, a better method
should have greater statistical power. If the population parameter value is equal to 0, a
good method should have type I error close to the nominal alpha level.

Simulation results

Complete data. The results from the complete data analysis are given in Table 1.
First, the relative biases are very small for all mediation model parameters. For example,
the largest bias is about0.375% from estimating parameter a. Thus, the parameter esti-
mates may be viewed as unbiased. Second, the coverage probabilities from three types of
conÞdence intervals are very close and all are close to the nominal level0.95 except that
those for the variance parameters seem to be slightly smaller than 0.95. Third, power or
Type I errors are also similar among three types of conÞdence intervals. SpeciÞcally for the
mediation e!ect ab, the bias corrected conÞdence interval has the largest power.

Table 1: Biases, coverage probabilities, and power/type I errors from complete data analysis

Percentile BC BCa
Bias (%) Coverage Power Coverage Power Coverage Power

iM 0.096 0.957 0.043 0.955 0.045 0.952 0.047
iY -0.019 0.953 0.047 0.954 0.046 0.955 0.045
a 0.375 0.947 0.964 0.947 0.962 0.945 0.964
b 0.098 0.942 0.97 0.942 0.968 0.941 0.969
c′ 0.118 0.948 0.052 0.948 0.052 0.948 0.052

σ2
eM -0.165 0.933 1 0.934 1 0.942 1

σ2
eY -0.317 0.908 1 0.924 1 0.925 1
ab 0.129 0.942 0.933 0.954 0.955 0.953 0.952

Note. Percentile: percentile bootstrap conÞdence interval. BC: bias corrected conÞdence
interval. BCa: bias corrected and accelerated conÞdence interval. Coverage: coverage
probability. Power: it is Type I error for parameters iM , iY , and c′.
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MCAR data. The parameter estimate biases, coverage probabilities, and power/Type
I errors from MCAR data analysis with 10%, 20%, and 40% missing data are obtained
without and with auxiliary variables. The results from 20% missing data analysis are
similar to those from 10% and 40% missing data analysis and thus are not presented for
the sake of saving space. The results for this simulation are summarized in Table 2.

First, relative biases of the parameter estimates under the studied MCAR conditions
are smaller than 3.5%. Second, the coverage probabilities are close to the true value .95
although those for the variance parameters are slightly smaller than 0.95. Third, the three
types of conÞdence intervals have comparable power. For the mediation e!ects, the bias
corrected conÞdence intervals seem to have slightly larger power than the percentile and
BCa conÞdence intervals. This is also consistent with the previous research on complete
data mediation analysis (MacKinnon et al., 2004). It is also evident that missing data
reduce power and the reduction of power increases with the amount of missing data.

The inclusion of auxiliary variables does not seem to inßuence the parameter estimate
biases and coverage probabilities. However, the use of auxiliary variables boosts the power
of detecting mediation e!ect, especially when the missing proportion is large, e.g., 40%
missing data. The results are consistent with Þndings from previous research on studying
bivariate relations (Collins et al., 2001; Graham & Collins, 2008).
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Table 2: Biases, coverage probabilities, and power/type I errors under MCAR situations

Percentile BC BCa
Bias (%) Coverage Power Coverage Power Coverage Power

10%

W
ith

ou
t

au
xi

lia
ry

iM 0.034 0.954 0.046 0.954 0.046 0.955 0.045
iY 0.197 0.942 0.058 0.939 0.06 0.94 0.06
a 0.282 0.937 0.948 0.935 0.946 0.935 0.943
b 0.179 0.946 0.932 0.947 0.926 0.945 0.921
c′ 0.346 0.947 0.053 0.947 0.053 0.951 0.049

σ2
eM -0.162 0.928 1 0.932 1 0.93 1

σ2
eY -1.003 0.894 1 0.921 1 0.928 1
ab 0.111 0.953 0.877 0.96 0.914 0.962 0.902

W
ith

au
xi

lia
ry

iM 0.007 0.957 0.043 0.957 0.043 0.957 0.043
iY 0.245 0.943 0.057 0.947 0.053 0.948 0.052
a 0.346 0.942 0.956 0.944 0.956 0.944 0.954
b 0.085 0.942 0.932 0.944 0.93 0.942 0.931
c′ 0.205 0.943 0.057 0.944 0.056 0.944 0.056

σ2
eM -0.063 0.925 1 0.935 1 0.93 1

σ2
eY -0.907 0.9 1 0.916 1 0.927 1
ab 0.097 0.95 0.884 0.958 0.918 0.958 0.917

40%

W
ith

ou
t

au
xi

lia
ry

iM 0.074 0.967 0.033 0.96 0.04 0.962 0.038
iY -0.167 0.952 0.048 0.953 0.047 0.955 0.045
a 0.560 0.932 0.843 0.935 0.844 0.934 0.843
b 0.560 0.924 0.606 0.927 0.577 0.931 0.558
c′ -0.010 0.944 0.056 0.947 0.053 0.945 0.055

σ2
eM -0.758 0.91 1 0.922 1 0.925 1

σ2
eY -3.330 0.839 1 0.88 1 0.892 1
ab 0.419 0.939 0.478 0.949 0.566 0.949 0.541

W
ith

au
xi

lia
ry

iM 0.138 0.958 0.042 0.963 0.037 0.959 0.041
iY -0.180 0.944 0.056 0.941 0.059 0.941 0.059
a 0.274 0.932 0.849 0.927 0.849 0.929 0.846
b 0.626 0.934 0.652 0.936 0.63 0.937 0.605
c′ 0.051 0.94 0.059 0.938 0.062 0.937 0.063

σ2
eM -0.420 0.916 1 0.923 1 0.933 1

σ2
eY -2.464 0.864 1 0.91 1 0.911 1
ab 0.331 0.944 0.535 0.949 0.611 0.952 0.595

MAR data. The estimated relative biases, coverage probabilities, and power/type I
errors from MAR data analysis are summarized in Table 3. The results from MAR data
are similar to those from MCAR data and thus are not repeated here. However, the power
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from MAR data analysis are smaller than that from MCAR analysis.

Table 3: Biases, coverage probabilities, and power/type I errors under MAR situations

Percentile BC BCa
Bias (%) Coverage Power Coverage Power Coverage Power

10%

W
ith

ou
t

au
xi

lia
ry

iM 0.059 0.952 0.048 0.949 0.05 0.949 0.05
iY 0.335 0.944 0.056 0.948 0.052 0.945 0.055
a 0.338 0.943 0.929 0.942 0.928 0.942 0.928
b 0.008 0.937 0.9 0.94 0.894 0.94 0.89
c′ 0.575 0.953 0.047 0.952 0.048 0.951 0.049

σ2
eM -0.643 0.935 1 0.935 1 0.933 1

σ2
eY -0.907 0.895 1 0.926 1 0.92 1
ab 0.064 0.946 0.822 0.954 0.874 0.958 0.866

W
ith

au
xi

lia
ry

iM -0.050 0.955 0.045 0.952 0.048 0.952 0.048
iY 0.338 0.948 0.052 0.948 0.052 0.951 0.049
a 0.192 0.944 0.933 0.943 0.928 0.942 0.928
b 0.006 0.942 0.909 0.945 0.911 0.941 0.913
c′ 0.438 0.947 0.053 0.953 0.047 0.954 0.046

σ2
eM -0.475 0.932 1 0.936 1 0.929 1

σ2
eY -0.820 0.898 1 0.926 1 0.916 1
ab -0.005 0.955 0.836 0.959 0.889 0.959 0.888

40%

W
ith

ou
t

au
xi

lia
ry

iM -0.202 0.954 0.046 0.955 0.045 0.952 0.048
iY -0.085 0.949 0.051 0.949 0.051 0.949 0.051
a 0.258 0.94 0.735 0.943 0.744 0.946 0.744
b 0.202 0.924 0.63 0.928 0.619 0.93 0.592
c′ 0.206 0.946 0.054 0.943 0.057 0.945 0.054

σ2
eM -1.216 0.904 1 0.927 1 0.931 1

σ2
eY -2.753 0.844 1 0.9 1 0.91 1
ab 0.071 0.951 0.433 0.954 0.545 0.952 0.54

W
ith

au
xi

lia
ry

iM -0.123 0.961 0.039 0.956 0.044 0.955 0.045
iY -0.048 0.946 0.053 0.951 0.049 0.952 0.048
a -0.030 0.939 0.783 0.941 0.781 0.938 0.778
b 0.292 0.933 0.673 0.936 0.662 0.938 0.651
c′ 0.159 0.943 0.057 0.949 0.051 0.951 0.049

σ2
eM -0.700 0.922 1 0.93 1 0.942 1

σ2
eY -1.884 0.854 1 0.899 1 0.916 1
ab 0.049 0.951 0.494 0.959 0.599 0.964 0.581
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MNAR data. The results from MNAR data analysis are summarized in Table 4. The
results clearly show that when auxiliary variables are not included, parameter estimates are
highly biased especially when missing data proportions are larger, e.g., 40%. Correspond-
ingly, coverage probabilities are highly underestimated. For example, with 40% of missing
data, the coverage probability for intercepts and variance parameters are almost zero. This
is because the EM algorithm assumes that data are MAR.

However, with the inclusion of auxiliary variables, the parameter estimate biases
disappear and the coverage probabilities are close to 95%. This is because by including
auxiliary variables that can explain missingness in meditaion model variables, the overall
missing mechanism is MAR.

Conclusions from complete, MCAR, MAR, and MNAR data analysis.
From the above simulation studies on complete, MCAR, MAR, and MNAR data, we can
conclude the following:

1. The EM method and BMEM software work equally well for complete data, MCAR
data, and MAR data.

2. The inclusion of auxiliary variables in MCAR and MAR data analysis does not a!ect
parameter estimate biases and coverage probabilities.

3. The inclusion of auxiliary variables in MCAR and MAR data analysis increases the
power of detecting the mediation e!ect.

4. The EM method and BMEM do not work for MNAR data without auxiliary variables.

5. The EM method and BMEM can deal with MNAR data through the inclusion of
auxiliary variables that can explain the missingness of MNAR data.

6. Overall, it seems that BC has the best coverage probabilities and power among the
three types of conÞdence intervals.

Speed performance of BMEM. It is well known that bootstrap procedure can be very
time consuming. To evaluate the speed performance of BMEM, we calculated the time
used to run BMEM with di!erent sample sizes and missing data proportions. The running
time for the Mac version BMEM is plotted in Figure 5. The testing machine is a Mac
laptop with Mac OS X 10.5.8, 2.8GHz Intel Core 2 Duo CPU, and 4GB RAM. Figure 5
demonstrates that the running time of BMEM is positively related to sample sizes and the
amount of missing data. For example, with the sample size ofN = 100 and 10% missing
data, it takes BMEM about 2.05 seconds on the testing machine to Þnish the job. However,
the time increases to125.5 seconds for the sample size ofN = 1000 and 40% missing data.
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Table 4: Biases, coverage probabilities, and power/type I errors under MNAR situations

Percentile BC BCa
Bias (%) Coverage Power Coverage Power Coverage Power

10%

W
ith

ou
t

au
xi

lia
ry

iM 17.68 0.484 0.515 0.466 0.533 0.458 0.541
iY 14.13 0.64 0.36 0.643 0.357 0.628 0.372
a -9.07 0.805 0.88 0.799 0.877 0.797 0.869
b -8.24 0.853 0.747 0.853 0.745 0.847 0.747
c′ 1.86 0.95 0.05 0.947 0.052 0.95 0.049

σ2
eM -25.75 0.315 1 0.415 1 0.489 1

σ2
eY -24.66 0.327 1 0.492 1 0.538 1
ab -6.02 0.708 0.635 0.769 0.712 0.769 0.708

W
ith

au
xi

lia
ry

iM 0.043 0.946 0.054 0.948 0.052 0.946 0.054
iY 0.102 0.946 0.054 0.944 0.056 0.944 0.056
a 0.393 0.944 0.956 0.939 0.957 0.944 0.954
b -0.256 0.932 0.925 0.93 0.923 0.929 0.925
c′ 0.200 0.954 0.046 0.955 0.045 0.952 0.048

σ2
eM -0.125 0.923 1 0.937 1 0.938 1

σ2
eY -0.445 0.918 1 0.938 1 0.94 1
ab 0.009 0.936 0.874 0.949 0.915 0.948 0.912

40%

W
ith

ou
t

au
xi

lia
ry

iM 63.43 0 1 0 1 0 1
iY 54.57 0.043 0.957 0.041 0.959 0.036 0.964
a -20.32 0.420 0.516 0.421 0.524 0.428 0.522
b -18.30 0.782 0.256 0.770 0.240 0.759 0.246
c′ 2.70 0.934 0.066 0.936 0.064 0.936 0.063

σ2
eM -54.76 0.013 1 0.034 1 0.057 1

σ2
eY -54.08 0.015 1 0.053 1 0.081 1
ab -11.44 0.330 0.111 0.424 0.184 0.426 0.181

W
ith

au
xi

lia
ry

iM 0.602 0.948 0.052 0.942 0.058 0.945 0.055
iY 0.247 0.956 0.044 0.953 0.046 0.953 0.047
a 0.108 0.944 0.857 0.942 0.864 0.941 0.857
b -0.144 0.946 0.634 0.939 0.651 0.94 0.639
c′ 0.247 0.952 0.048 0.951 0.049 0.948 0.052

σ2
eM 0.158 0.927 1 0.926 1 0.932 1

σ2
eY -1.535 0.898 1 0.92 1 0.927 1
ab -0.164 0.947 0.516 0.95 0.64 0.952 0.624
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Figure 5: Running time (in seconds) of BMEM with di!erent sample sizes and missing data
proportions

A real example

The Advanced Cognitive Training for Independent and Vital Elderly (ACTIVE) study
is a randomized and controlled study designed to determine whether cognitive training
interventions can a!ect daily living for 65 years or older elderly (Jobe et al., 2001; Tennstedt,
2001). As an example, we investigate whether reasoning ability mediates aging and everyday
living ability. In the ACTIVE study, reasoning ability is assessed through the Word Series
test (Gonda & Schaie, 1985) and the everyday living ability is measured by the Observed
Tasks of Daily Living test (OTDL, Diehl et al., 1995).We hypothesize that reasoning ability
plays a mediator role because previous studies have shown that reasoning ability can predict
performance on cognitively demanding tasks of daily living (Diehl et al., 1995; Willis et al.,
1992; Willis, 1996).
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Data used in the current example are fromN = 698 participants measured on the
variables age, reasoning ability, and OTDL. The missing data patterns and the sample size
of each pattern are presented in Table 5. In this data set, 344 participants have complete
data and 354 participants have missing data on at least one of the two variables: reasoning
ability and OTDL. Two auxiliary variables - education level measured in years and Mini-
Mental State Examination (MMSE) score - are also used in this example. Data on both
auxiliary variables are complete.

Table 5: Missing data patterns of the empirical example

Pattern Age Reasoning OTDL Sample Size
1 O O O 344
2 O O X 26
3 O X O 96
4 O X X 232
Total 698

Note. O: observed; X: missing; Reasoning: reasoning ability; OTDL: observed tasks of daily
living.

Three sets of data analyses were conducted. The Þrst one estimated the mediation
model described in Figure 1b with only complete data. The second one estimated the
mediation model with incomplete data but without auxiliary variables. The third one
estimated the mediation model with incomplete data and auxiliary variables. The results
of these analyses are summarized in Table 6.

First, there are slight di!erences in the parameter estimates between the complete
data analysis and the incomplete data analysis. Second, the bootstrap standard errors from
complete data analysis are larger than those from the incomplete data analysis. This indi-
cates that by considering all available data, information is gained. Third, with the inclusion
of auxiliary variables, the results do not change much, which implies that missingness in
OTDL may not be related to the two auxiliary variables: education and MMSE.

Furthermore, using the results from the incomplete data analysis, the mediation
e!ect ab is signiÞcant with a 95% conÞdence interval [-0.20, -0.11] and the direct e!ectc′

is insigniÞcant. Thus, the relationship between age and OTDL is completely mediated by
reasoning ability.
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Table 6: Mediation e!ect of reasoning ability on the relationship between age and EPT

Percentile BC BCa
Estimate s.e. L U L U L U

C
om

pl
et

e
da

ta

iM 35.01 3.58 28.26 42.04 28.44 42.28 28.42 42.27
iY 18.30 3.30 11.75 24.63 11.98 24.81 11.98 24.81
a -0.31 0.05 -0.41 -0.22 -0.41 -0.23 -0.41 -0.23
b 0.45 0.05 0.36 0.54 0.36 0.54 0.36 0.54
c′ -0.07 0.04 -0.15 0.01 -0.15 0.01 -0.15 0.01

σ2
eM 24.20 1.81 20.64 27.44 20.96 27.84 21.09 28.15

σ2
eY 16.20 1.34 13.61 18.65 13.88 19.00 13.94 19.20
ab -0.14 0.03 -0.20 -0.09 -0.20 -0.09 -0.20 -0.09

M
is

si
ng

da
ta

w
ith

ou
t

au
xi

lia
ry

va
ria

bl
es

iM 35.81 3.20 29.53 41.77 29.53 41.77 29.53 41.74
iY 18.62 3.24 12.16 24.61 12.10 24.45 12.08 24.45
a -0.33 0.04 -0.41 -0.25 -0.41 -0.25 -0.41 -0.25
b 0.46 0.04 0.38 0.54 0.37 0.54 0.37 0.54
c′ -0.07 0.04 -0.15 0.01 -0.15 0.01 -0.15 0.01

σ2
eM 24.05 1.70 20.80 27.09 21.16 27.37 21.26 27.59

σ2
eY 16.44 1.32 13.98 18.90 14.16 19.18 14.23 19.38
ab -0.15 0.02 -0.20 -0.11 -0.20 -0.11 -0.20 -0.11

M
is

si
ng

da
ta

w
ith

au
xi

lia
ry

va
ria

bl
es

iM 35.37 3.10 29.32 41.17 29.30 41.17 29.29 41.15
iY 18.72 3.26 12.14 24.92 12.42 24.99 12.42 24.99
a -0.33 0.04 -0.41 -0.25 -0.41 -0.25 -0.41 -0.25
b 0.46 0.04 0.39 0.55 0.38 0.55 0.38 0.55
c′ -0.08 0.04 -0.16 0.00 -0.16 0.00 -0.16 0.00

σ2
eM 24.65 1.76 21.25 27.82 21.63 28.06 21.80 28.15

σ2
eY 16.49 1.31 14.04 18.94 14.24 19.18 14.35 19.40
ab -0.15 0.02 -0.20 -0.11 -0.20 -0.11 -0.20 -0.11

Note. s.e.: bootstrap standard error; L: lower limit; U: Upper limit.

Discussion

In this study, the EM algorithm with bootstrap method is introduced and applied to
mediation analysis to deal with missing data. The EM algorithm and bootstrap method
isimplemented in free software BMEM, which is developed to work on multiple platforms
including Windows PC, Mac OS X, and Linux. A web interface is also available to run
BMEM on remote servers.

Through simulation studies, it was shown that BMEM using the EM algorithm and
bootstrap method performed well for MCAR and MAR without and with auxiliary vari-
ables. For MNAR data, BMEM can obtain correct parameter estimates and conÞdence
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intervals through the inclusion of auxiliary variables that are related to missing data mech-
anisms. A real data analysis was also conducted to demonstrate the use of BMEM.

Future developments of BMEM will include:

• Implementing the EM algorithm for mediation analysis with non-normal data;

• Allowing the analysis of multiple mediators and moderators;

• Extending the current model to longitudinal mediation models;

• And allowing the use of latent variables.
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